Abstract. We characterize the planar central configurations of the 4-body problem with masses m 1 = m 2 ̸ = m 3 = m 4 which have an axis of symmetry.
Introduction and statement of the main results
The main problem of the classical Celestial Mechanics is the n-body problem; i.e. the description of the motion of n particles of positive masses under their mutual Newtonian gravitational forces. This problem is completely solved only when n = 2, and for n > 2 there are only few partial results. In this paper all the results commented or proved will be on positive masses, and we do not mention this again.
Central configurations are initial positions of the n bodies where the position and the acceleration vector of each particle with respect to the center of mass are proportional, with the same constant of proportionality for all the n particles. Central configurations started to be studied in the second part of the 18th century, there is an extensive literature concerning these solutions. For a classical background, see the sections on central configurations in the books of Wintner [28] and Hagihara [10] . For a modern background see, for instance, the papers of Saari [24] , McCord [18] , Palmore [22] , Schmidt [25] , Xia [29] , ...
One of the reasons why central configurations are important is that they allow to obtain the unique explicit solutions in function of the time of the n-body problem known until now, the homographic solutions for which the This is a preprint of: "The symmetric central configurations of the 4-body problem with masses m 1 = m 2 = m 3 = m 4 ", MarthaÁlvarez-Ramírez, Jaume Llibre, Appl. Math. Comput., vol. 219, 5996-6001, 2013. DOI: [10.1016/j.amc.2012.12.036] ratios of the mutual distances between the bodies remain constant. They are also important because the total collision or the total parabolic escape at infinity in the n-body problem is asymptotic to central configurations, see for more details Dziobek [7] and Saari [24] . Also if we fix the total energy h and the angular momentum c of the n-body problem, then some of the bifurcation points (h, c) for the topology of the level sets with energy h and angular momentum c are related with the central configurations, see Meyer [19] and Smale [27] for a full background on these topics.
We note that if q = (q 1 , · · · , q n ) ∈ (R 2 ) n is a planar central configuration for the n-body problem, then kq and Aq = (Aq 1 , · · · , Aq n ) are also central configurations for any constant k > 0 and any rotation A ∈ SO(2). Therefore we count the planar central configurations modulo rotations and scalar changes, and we call them classes of central configurations.
In 1910 Moulton [20] classified the collinear central configurations by showing that there exist exactly n!/2 classes of collinear central configurations of the n-body problem for a given set of masses, one for each possible ordering of the particles.
For an arbitrary given set of masses the number of classes of planar noncollinear central configurations of the n-body problem has been only solved for n = 3. In this case they are the three collinear and the two equilateral triangle central configurations, due to Euler [8] and Lagrange [12] respectively. Recently, Hampton and Moeckel [11] proved that for any choice of four masses there exist a finite number of classes of central configurations. For five or more masses this result is unproved, but recently an important contribution to the case of five masses has been made by Albouy and Kaloshin [4] .
Under the assumption that every central configuration of the 4-body problem has an axis of symmetry when the four masses are equal, the central configurations were characterized studying the intersection points of two planar curves in [15] . Later on in [1, 2] Albouy provided a complete proof for the classes of central configurations of the 4-body problem with equal masses.
We say that a planar non-collinear central configuration of the 4-body problem has a kite shape or simply is a kite central configuration if it has an axis of symmetry passing through two of the masses.
Bernat, Llibre and Pérez-Chavela [5] complet the characterization of the kite planar non-collinear classes of central configurations with three equal masses, started by Leandro in [14] .
The goal in this paper is to complete the characterization of the classes of central configurations having an axis of symmetry for the planar 4-body problem with masses
For the 4-body problem a central configuration is convex if none of the bodies is located in the interior of the convex hull of the other three, otherwise and if the configuration is not collinear we say that the central configuration is concave.
MacMillan and Bartky [17] stated that, for any four masses and any assigned order, there is a convex planar central configuration of the 4-body problem, also they shown that there is a unique isosceles trapezoid central configuration of the planar Newtonian 4-body problem with m 1 = m 2 ̸ = m 3 = m 4 when two pairs of equal masses are located at adjacent vertices of the trapezoid. Xia in [30] gave a simpler proof of the first mentioned result of [17] . Recently the isosceles trapezoid central configuration has been revisited by Xie [31] .
Also for the 4-body problem with masses m 1 = m 2 > m 3 = m 4 Long and Sun [16] proved that any convex central configuration such that the diagonal determined by the masses m 1 is not shorter than that determined by the masses m 3 , must possess an axis of symmetry and this central configuration has the shape of a rhombus.
All these results about the central configurations with an axis of symmetry for the 4-body problem with masses m 1 = m 2 ̸ = m 3 = m 4 can be summarized as follows. Related with Theorem 1 the readers can look the results of the papers of Albouy, Fu, and Sun [3] and of Perez-Chavela and Santoprete [23] .
The rest of the paper is dedicated to show the following result. The proof of Theorem 2 is analytical modulo the computations of the roots of polynomials of one variable which are computed numerically with the help of the algebraic manipulator mathematica.
We must mention that the results of these two theorems are compatible with the numerical results obtained by Simó in [26] , and by Grebenikov, Ikhsanov and Prokopenya [9] .
The paper is organized as follows. In section 2 we present the system of equations for the kite concave central configurations of the 4-body problem here studied. Finally, in section 3 we prove Theorem 2.
Equations of the concave kite central configurations
Newton's planar n-body problem is about the motion of n point particles with masses m i and position vectors q i ∈ R 2 for i = 1, . . . , n, under their mutual attractions due to Newtonian gravitation. Its equations of motion are
where the units have been taken in such a way that the gravitation constant be equal to the unity. Here ∥ · ∥ denotes the Euclidean norm of R 2 .
Assume that the center of mass of the n particles is at the origin of coordinates, i.e. We say that the n bodies form a central configuration if there exists a constant λ such that
In the case of n = 4 bodies, Dziobek [7] reduces the equations of the central configurations (1) to the following system of 12 equations and 12 unknowns:
for 1 ≤ i < j ≤ 4, with r ij = ∥q i − q j ∥, By convenience, but without loss of generality, we can assume that the bodies have masses m 1 = m 2 = 1 > m 3 = m 4 = m. Moreover, due to the fact that we are interested in the classes of central configurations, again without loss of generality we can suppose that the positions of the four particles are q 1 = (−1/2, 0), q 2 = (1/2, 0), q 3 = (0, a) and q 4 = (0, b) with 0 < a < b. Of course, the axis of symmetry here is the y-axis and the configuration is kite because the masses m 3 and m 4 are on this axis. Then, easy computations shown that the 12 equations (2) reduce to the following two equations (3)
For a fixed m ∈ (0, 1) the solutions (a, b) with 0 < a < b of system 
Proof of Theorem 2
For solving system f 1 (a, b) = f 2 (a, b) = 0 we define the polynomials
Clearly if (a, b) is a solution of the system f 1 (a,
is a solution of the polynomial system g 1 (a, b) = g 2 (a, b) = 0. Of course, the converse is not true. We shall work with g 1 and g 2 because they are polynomials in the variables a and b, and for studying the solutions of the polynomial system g 1 (a, b) = g 2 (a, b) = 0 we can use resultants, see [13, 21] for definitions and results on the resultants. Now we consider the resultant h(a) of the polynomials g 1 (a, b) with g 2 (a, b) with respect to the variable b. Therefore h(a) is a polynomial in the variable a with coefficients polynomials in the variable m. More precisely, h(a) is
where h 1 (a) is a polynomial in the variable a of degree 90 with coefficients polynomials in the variable m of degree at most 34 that we do not write here because is too much long. By the properties of the resultant note that if (a, b) is a solution of the polynomial system g 1 (a, b) = g 2 (a, b) = 0, then a is a root of the polynomial h(a). Again the converse is not true.
We defineh(a) as the following polynomial (−4032a 6 + 768a 8 + 3072a 10 + 4096a 12 + 16ma 3 + 192ma 5 + 8192ma 6 + 768ma 7 + 1024ma 9 + m 2 + 12m 2 a 2 + 48m 2 a 4 − 4032m 2 a 6 )(16a 2 − 16a 3 + 16a 4 − 4m 2 a − 4m 2 a 2 + m 4 )h 1 (a).
Note that the polynomials h(a) andh(a) have the same real positive roots. These are the roots of the polynomial h(a) which we need to study. Now we compute the resultant r(m) of the polynomialsh(a) and dh(a)/da with respect to the variable a. Thus r(m) is a polynomial in the variable m. Now we choose 22 values of m in the interval (0, 1) separating the 21 previous roots, and we will compute the solutions (a, b) with 0 < a < b of system f 1 (a, b) = f 2 (a, b) = 0 for every one of these 22 values of m. Using resultants the computation of these solutions is analytic with the exception of the roots of a polynomial in one variable. More precisely, by the properties of the resultant if (a * , b * ) is a solution of the system f 1 (a, b) = f 2 (a, b) = 0, then a * is a root of the polynomial h(a), and b * is a root of the polynomial i(b), where this polynomial is the resultant of the polynomials g 1 (a, b) with g 2 (a, b) with respect to the variable a. Therefore, given a value of m we can compute all the roots of the polynomials h(a) and i(b), and check which pairs of these roots are solutions of the system f 1 (a, b) = f 2 (a, b) = 0. In this way we compute all the solutions of the system f 1 (a, b) = f 2 (a, b) = 0, only computing numerically the roots of polynomials of one variable.
In short, we obtain that for every value m of these 22 values described in Table 1 , there are exactly two solutions (a, b) satisfying 0 < a < b. Hence, the number of kite concave central configurations is constant and equal to two for all m ∈ (0, 1), and consequently Theorem 2 is proved. Table 1 
